We apply HQET to semi-leptonic B and B s meson decays into the observed charmed P wave states. In order to examine the sensitivity of the results to the choice of a specific model, we perform all calculations using several different meson models, and find that uncertainty introduced by the choice of a particular model is about 30%. Specifically, assuming τ B = 1.50ps and V cb = 0.040, we obtain branching ratios of (0.27 ± 0.08)% and (0.45 ± 0.14)% for B → D 1 lν l and B → D * 2 lν l decays, respectively.
Introduction
As more B mesons are produced at major accelerators it has become imperative to gain understanding of how they decay. If the final hadron state consists of a meson containing a heavy quark, heavy quark symmetry [1] and heavy quark effective theory (HQET) [2, 3] provide a powerful assistance.
Since an infinitely massive heavy quark does not recoil from the emission or absorption of soft (E ≈ Λ QCD ) gluons, and since magnetic interactions of such a quark are negligible (∼ 1 m Q ), the strong interactions of the heavy quark are independent of its mass and spin, and the total angular momentum j of the LDF is a good quantum number. Because of this, HQET leads to relations between different form factors describing transitions in which a hadron containing a heavy quark Q and moving with four-velocity v µ , decays into another hadron containing a heavy quark Q ′ , and moving with four-velocity v ′µ . In this way the number of independent form factors for these decays is significantly reduced.
Semi-leptonic decays into hadrons account for over 20% of all B decays. In the case of B − meson decaying into electron, neutrino, and all hadrons the branching ratio is [4] BR(B − → Xe −ν ) = (10.49 ± 0.46)% .
Most of the inclusive rate is accounted for by X = D and X = D * (2010). The measured branching ratios for these final states are [5] BR(B − → D * e −ν ) = (5.13 ± 0.84)% ,
BR(B − → De −ν ) = (1.95 ± 0.55)% .
This leaves (3.4 ± 1.1)% of the hadrons unaccounted for.
In this paper we investigate B decays into the P wave D meson states D 1 (2420) and D
HQET to obtain expressions for branching ratios in terms of the non-perturbative Isgur-Wise (IW) form factors. In order to calculate these form factors we employ expressions (consistent with the trace formalism), in terms of the light degrees of freedom (LDF) wave functions and energies [9] . By performing all calculations using four different models and two different one basis state estimates, we also examine sensitivity of our results to the choice of a specific model.
In Sections 2, 3 and 4 we review the covariant representation of states, decay rates for B → D X lν l , and the calculation of IW functions, respectively. In Section 5 we discuss the four heavy-light models which are employed in this paper. We also discuss estimates which use only one basis state as the wave function of the LDF. The model dependence of our results will be judged by the range of prediction of these calculations. Our main results for the S to P wave semi-leptonic branching ratios
for B decay into D 1 and D * 2 (and corresponding B s decays), are given in Section 6. Our conclusions and a comparison with experiment are summarized in Section 7.
Covariant representation of states
The covariant trace formalism, formulated in [6, 7] and generalized to excited states in [8] , is most convenient for counting of the number of independent form factors.
Following [8] , and using the notation of [10] , the lowest lying mesonic states with mass m and four velocity v can be described as follows:
In these expressions ǫ µ is the polarization vector for spin 1 states (satisfying ǫ·v = 0), while the tensor ǫ µν describes a spin 2 object (ǫ µν = ǫ νµ , ǫ µν v ν = 0 , ǫ µ µ = 0). For each j there are two degenerate heavy meson states (J = j ± 1 2 ) forming a spin symmetry doublet: (C, C * ) is the L = 0 doublet, (E, E * ) and (F , F * ) are the two L = 1 doublets, and (G, G * ) is an L = 2 doublet.
In the covariant trace formalism matrix elements of bilinear currents of two heavy quarks (J(q) =Q ′ ΓQ) between the physical meson states are calculated by taking
where M ′ and M denote appropriate matrices from (4)-(11),M = γ 0 M † γ 0 , and M l (ω) represents the LDF. Again following [8, 10] , we define the IW functions for the transitions of a 0 − ground state into an excited state by
The vector index in the last two definitions will be contracted with the one in the representations of excited states (8)-(11).
3 Decays B → D X lν l in the heavy quark limit
Denoting the four-velocities of B and D X mesons as v µ and v ′µ , respectively, and assuming that lepton masses are zero, the momentum transfer is given by
Using (14), and denoting
the standard expression [11] for the width of the semi-leptonic decay of a B meson into any of the charmed meson states D X can be written as
where
after squaring and summing over l andν l spins and D X polarization, yields
Here,
The matrix elements needed in H µν are calculated from (12) using (4)-(11), while the sum over D X polarization states is performed using standard expressions for spin-1 and spin-2 particles,
Using kinematical identities coming from definitions (14) and (15), and from momentum conservation, we can express |M| 2 in terms of ω and x. Performing a simple integration in (16), we find
IW functions
The only factor in (23) which cannot be calculated from first principles is the IW function for a particular decay, . In order to estimate these form factors one has to rely on some model of strong interactions. In the original calculation of radiative rare B decays [10] the IW functions (13) were defined as the overlap between wave functions describing the LDF in the initial and the final mesons (AOM). These authors have chosen the wave functions to be eigenfunctions of orbital angular momentum L (α denotes all other quantum numbers),
and the form factors were given by (putting a tilde to avoid confusion with our definitions),ξ
In the aboveã
denotes the "inertia parameter" of the LDF in the final heavy meson (with mass M' and heavy quark Q ′ ). The expectation values in (33)-(36) are defined by
To calculate the above overlap integrals, in [10] the radial wave functions of the ISGW model [15] were used. The same approach was followed in [14] for the calculation of semi-leptonic B meson decays into higher charmed resonances. However, by comparing the covariant trace formalism of [6, 7, 8] with the wave function approach of [16] , it has been recently shown [9] that form factor definitions as pure overlap integrals (used in [10, 14] ), are not consistent with the trace formalism.
Under the assumption that heavy mesons can be described using simple nonrelativistic (or semi-relativistic) quark model, the rest frame LDF wave functions (with angular momentum j and its projection λ j ), can be written as
where χ ms represent the rest frame spinors normalized to one, χ † m ′ s χ ms = δ m ′ s ,ms , and α again represents all other quantum numbers. Performing the overlap integrals in the modified Breit frame (v ′ = −v) [13] , using (39) and form factor definitions consistent with the trace formalism, one can derive [9] 
and suppressing quantum numbers α ′ and α, we have:
• C → (E, E * ) transitions.
• C → (F, F * ) transitions.
Note that these expressions include transitions from the ground state into radially excited states. If the two j = 1 2 states are the same, E ′ q = Eq and ξ C (1) is normalized to one. Also note that from (44) and (47) it follows that the two P wave form factors
and in particular
It can be also shown [9] that the above formulae can be generalized to any model involving the Dirac equation with a spherically symmetric potential. There, the wave function has the form
and α again denotes all other quantum numbers. Using (55) one finds that all the expressions (41)-(52) remain unchanged, except for the expectation value (38) which is replaced by
Of course, in models with the Dirac equation the two P wave doublets are not degenerate any more (E ′ q =Eq), so that relations (53) and (54) are no longer valid.
Heavy-light models
Although we have presented here a formalism applicable for a variety of transitions C → C, . . . , G * , we shall focus for the rest of the paper on the P wave transitions is obtained. We have also used a single pseudo-Coulombic (PC) [17] or harmonic oscillator (HO) basis wave functions to obtain form factor predictions. In this case the unknown energy of the LDF was estimated from the recent experimental data [5] for B → D ( * ) lν l decays, and also from the spin-averaged masses of the known heavy-light states.
ISGW model
Because of its simplicity, the ISGW model [15] is widely used in combination with HQET for calculations of different form factors. It is a non-relativistic quark model based on the Schrödinger equation with the usual Coulomb plus linear potential,
The Hamiltonian of the LDF is then given by
We have used the original parameters from [15] , 
Semi-relativistic quark model (SRQM)
It was observed in [18] from Lattice QCD simulations that the ground state wave function describing the LDF in heavy-light mesons is in remarkably good agreement with the wave function that one gets from the semi-relativistic quark model. In this model the Hamiltonian describing the LDF is
The SRQM yields linear Regge trajectories with slopes of α
. [21] . Therefore, in order to obtain the expected Regge behavior, we fix the string tension b to be
For a given m u,d we vary the other parameters of the model to account for all observed heavy-light B and D meson states. An example of such fit is given in Table 2 , with parameters 
1 Although this method of choosing the effective string tension ensures the correct Regge behavior, it may not correspond to the correct static string tension. If it does not, it indicates the interaction dynamics is incorrect. , and one can also obtain very good description of the spin averaged heavy-light states [20] . In this model the LDF Hamiltonian is given by
Dirac equation with scalar confinement (DESC)
where H 0 is the free particle Dirac Hamiltonian,
Reduction of (64) to the set of radial equations is standard [22] , and the method of solution is described in [20] . In order to have the expected Regge behavior, we fix b
and, for a given m u,d , we vary the other parameters of the model to account for all observed heavy-light B and D meson states. In Table 3 we show an example of such fit, with parameters 
Salpeter equation with vector confinement (SEVC)
The instantaneous version of the Bethe-Salpeter equation [23, 24] (usually referred to as the Salpeter equation [25] ) is widely used for the discussion of bound state problems. It is also equivalent [26] to the so called "no-pair" equation [27] , which was introduced in order to avoid the problem of mixing of positive and negative energy states that occurred in the Dirac equation for the helium atom. A similar problem also occurs for a single fermionic particle moving in the confining Lorentz vector potential. For a very long time [28] it has been known that there are no normalizable solutions to the Dirac equation in this case.
It has been shown analytically for the heavy-light case [20] , and numerically for the case of fermion and antifermion with arbitrary mass [29, 30] , that in this type of model linear scalar confinement does not yield linear Regge trajectories. We have therefore used vector confinement, even though it is well known to give the wrong sign of the spin-orbit coupling. In terms of the free particle Dirac Hamiltonian H 0 , potential V (r) from (61), and the positive energy projection operator Λ + defined as
the LDF Hamiltonian for the heavy-light Salpeter equation with vector confinement is given by
The reduction of (69) to a pair of coupled radial equations, as well as the solution method, is described in [20] . In Table 4 we show an example of theoretical prediction for the spectrum of spin-averaged heavy-light states. As in the case of SRQM and DESC, the agreement of theory and experiment is excellent. The parameters of the model were
Here, b was again fixed to 0.142 GeV 2 since the model yields the Regge slope of
, as in the case of SRQM. We again calculate the form factors resulting 
One basis state estimates
Quite often (as was done in [10, 31] ) one finds in the literature estimates for form factors that use a single basis state as a wave function of the LDF. Usually, it is argued on the basis of the original ISGW model [15] , that it should be the lowest harmonic oscillator (HO) wave function with the scale parameter around 0.4 GeV .
However, on the basis of lattice data [18] one might argue that pseudo-Coulombic (PC) basis states [17] are more suitable for such a purpose. We show in Figure 5 In the following we present the necessary formulae for this analysis for both PC and HO wave functions.
Pseudo-Coulombic basis states (PC)
The lowest 1S and 1P wave functions are [17] R 1S (r) = 2β
From (41) we find (with
Using this expression for ξ C with β S = 0.40 GeV (the corresponding wave function is shown with full line in Figure 5) , and performing the analysis as described in [32] , we find that the lowest χ 2 of 0.372 per degree of freedom is obtained for
for the (B, B * ) and (D, D * ) doublets. Adding spin-averaged mass differences given
in Tables 1-4 we find
for the (B s , B *
, and (D s1 , D * s2 ) doublets, respectively. Using these values for Eq, and assuming β P = β S = 0.40 GeV in the expressions valid for C → F, F * transitions, Figures 6 and 7 , respectively.
Harmonic oscillator basis states (HO)
Here, the lowest 1S and 1P states,
R 1P (r) = 8 3
used in (41) give (with
Again, using this expression for ξ C with β S = 0.40 GeV , and performing the analysis from [32] , we find that
(for the (B, B * ) and (D, D * ) doublets), yields the lowest χ 2 of 0.357 per degree of freedom (the corresponding wave function is shown with the dashed line in Figure   5 ). This implies
, and (D s1 , D * s2 ) doublets, respectively. The harmonic oscillator expressions valid for C → F, F * transitions are
, (88)
These formulae, with β P = β S = 0.40 GeV and Eq values given above, yield form factors shown with the dashed lines in Figures 6 and 7 β S , and varying β S in the range from 0.3 GeV to 0.5 GeV (and Eq in the range corresponding to a given β S ), we obtained the acceptable ranges for all decay rates and branching ratios considered in this paper.
All results obtained from different models and one basis state estimates (for ξ F (1),
, decay rates and branching ratios), are collected in Tables 5-8 . As one can see, the uncertainty introduced by the choice of parameters within a specific model is the largest for the SRQM (about 30%), and the smallest for the estimates which use pseudo-Coulombic basis states (only about 5%). For other models the uncertainty is about (15-25)%. We also note that the HO wave function estimates (which are the most commonly encountered in the literature) yield branching ratios that are significantly larger than those obtained from the more realistic models, for all decays considered in this paper.
From the three models SRQM, DESC and SEVC, which successfully account for the known heavy-light masses, we obtain the following ranges for the S to P wave decay rates:
Corresponding branching ratios are (using V cb = 0.040):
For comparison with an earlier work, we quote results from [14] , where B meson decays into charmed higher resonances were considered:
Let us also mention a few earlier calculations of the ξ E and ξ F form factors. In [31] these form factors were computed to order O((ω − 1) 2 ),
where the quoted errors are due to a 12% variation over the scale parameter of the HO wave function. This should be compared with our HO estimates for ξ F (1) and Tables 5 and 6 (our errors are due to 25% variation of β S = β P = 0.4). Assuming that the Eq value for the j = P wave doublet 2 , our prediction for ξ E can be obtained using (53) and (54). In particular, using ξ F (1) = 1.23, we find ξ E (1) = 1.42. Note that models based on the Dirac equation can result in ξ E being larger than ξ F . In [33] the QCD sum rule calculation yielded ξ E (1) = 1.2 ± 0.7 (ξ F was not determined), while a
Bethe-Salpeter approach of [34] estimates can be obtained using expressions (78) and (88), with parameters given in (74)- (77) and (84)-(87).
Conclusion
In this paper we have considered semi-leptonic B and B s meson decays into the observed charmed P wave states, in the limit where both b and c quarks are considered heavy. We have estimated the unknown form factors in terms of overlaps of the wave functions describing the final and initial states of the light degrees of freedom. Unlike in previous work [14] , our form factor definitions are consistent with the covariant trace formalism of HQET. As a result of this, we find significantly different results for decay rates and branching ratios for processes B → D 1 lν l and B → D * 2 lν l . In order to examine the sensitivity of our results to the choice of a specific model, we have performed all calculations using several different models. By fixing m c in the range range from 1.2 GeV to 1.6 GeV , and varying the other model parameters until a good description of the spin-averaged heavy-light spectrum is obtained, we have also examined dependence of our results on the choice of parameters within a specific model. We have also investigated two examples of one basis state calculations. In those cases the uncertainties were estimated from the range of acceptable Eq values consistent with the experimental data [5] for the decay B → D ( * ) lν l (as in [32] ). This proceedure leads to the conclusion that the choice of parameters within the model introduces errors at the level of (5-30)%. Although six models in all are considered we should emphasize that three (SRQM, DESC, and SEVC), are particularly reliable since they account for the observed D and B spectroscopies in a very satisfactory manner. Between these three models, we find that the predictive accuracy for the unknown form factors is about 30%.
The experimental status for B → D J lν l is still uncertain. At present three experimental groups have results for these decays but with possible additional non-charmed particle(s) X. These results are given in Table 9 together with our theoretical predictions which assume BR(D 1 → D * π) = 67% and BR(D * 2 → D * π) = 20%. As we can see from Table 9 our predicted branching ratios are consistent with present measurements. In particular, all upper limits are satisfied, and where branching ratios have been determined they are somewhat greater than our predictions (in which there are no additional particles X).
Finally, from Tables 5 and 6 we see that the sum of branching ratios into D 1
and D * 2 is about 0.72% (from the three realistic models). By counting spin states we estimate the total P wave meson branching ratio (E, E * , F, F * ) is about 1.08%.
Thus the P wave states account for about one third of the missing semi-leptonic B decays. ) of the singlet mass for the S(P ) waves).
TABLES
State Spin-averaged Q. n. Theory Error
bū, bd quarks ) of the triplet and
) of the singlet mass for the S(P ) waves).
State Spectroscopic label Spin-averaged Q. n. Theory Error ) of the singlet mass for the S(P ) waves).
State Spin-averaged Q. n. Theory Error ) of the singlet mass for the S(P ) waves).
State Spin-averaged Q. n. Theory Error Table 6 : Results for the decay B → D * 2 lν l obtained from four different models and two one basis state estimates. Errors for the SRQM, DESC, and SEVC, are due to variation of m c in the range from 1.2 GeV to 1.6 GeV . Errors for the PC and HO estimates are due to variation of β S = β P in the range from 0.3 GeV to 0.5 GeV .
We take [11] [15] . The full line shows our prediction (VO), obtained from (47), while the dashed line is AOM prediction obtained from (35) , which is used in [10, 14] . [15] . The full line shows our prediction (VO), obtained from (47), while the dashed line is AOM prediction obtained from (35) , which is used in [10, 14] . 
